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[c—a)n 



From (1) and (2), cos2«=- 



From (3), sin2<v = — — . 
e- 

These equations determine a without ambiguity. Substituting for a, e, 

n iu the equations 

h— e-pcosa=~ dn, 

k—e !! ps'ma——en, 

h i +k 3 — e 1 p s —fn, 

and solving for h, k, p, the curve is completely determined. 

The solution of these last equations will be much simpler if the given 
equation is first transformed to the center, for we will then have 

h=e 2 pcosa, k=e i p»ina, h i -\-k- — e i p i =f'n, 

f being obtained by substituting the coordinates of the center in the left hand 
member of the given equation. 

Ifa'=semi-major axis, b'=semi-minor axis, we have a'—ep,b'=a'\/(l— e a ). 

Let us take the equation '6x- -\-2xy -\-By s — ]6j/+20=0. 

Transformed to centre ( — 1, 3), 3x- -\-2xy-\-3y* — 4=0, we find 

2— i 
« 2 =J, n— — 77— =i, sin2«=— 1, cos2a , =0. 

a_-=135 c , h= ^ k=-^, p=±2, a'=,/2, ft'=-l. 

C » | ' n 

In general the equations for h, k, p give two values of each quantity show- 
ing that the conic has two directrices and two foci. 

If e=l, then h— pcasa=— dn, k=— psina=— en, 7* s -f & 2 — p g ^=fii. The 
terms containing p- cancel, showing that the parabola has one directrix and one 
focus at infinity. 
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-^1— [2£(e, J*)-.(l_«i)F( 8l **)] ,(64). 



l r 2 " cos«pdo) 

4 



! - ' (l+e s -2ecos^)3 

[(l+4e 2 )J3(e, i7t)-(l+2e*)F(e, in)] ....(65). 



> -J-f 2 * 
'°~ 7t J 



7te(l-e 2 y l 



(1 + e 2 — 2ecos«p)* 



= 3^CTji ^ 1 + e8 ) g ( e ' iO-(5-2e 2 -3e*)F(e, Jar)] (66). 

1 ~ = ~tf~"J o (l+e 2 -2«cos9>)S 
= ~3m(1-«')« [( 1 + 14 «»-« 4 ) J5? («. iO-(l+6e 2 -7e*)F(e, iff)] . . . .(67). 

1,0 =~J o (l+«»-Lo89»)l = " 157r(l-6 2 )T [2(23+82eS 

+2Se i )E(e, ^)-(31+51e a -67e*-15e 6 )F(e, Ja-)]. .. .(68>. 

These expressions are also useful in finding the disturbing force between 
two planets. 

Before dealing with general expressions we will find expressions contain- 
ing the Elliptic Integral of the third order. 

o O+mn'^/d-eWff)^ 6 ' 6 '^ .(69). 

1 C h " [Q+csin 3 fl) _ 

-e 2 sin 2 0) 

1 ft* dO If 4* §1 

c J i/(l~e 2 sin s «) e J (1 +csin 2 #) 1 /(l-e 2 sin 2 ^) 

= -y-[F{e, i*)—- me, c, J*)] (70). 

cos 2 0d0 fi- (l-sin 2 #)d0 



/*** sin 2 <W? __1_ /V [(l+c8in 8 fl)-l]dff 

J o (l+csin 2 #)i/(l— e 2 sin 2 #) ~ c J (l+csin 2 #) 1 /(l- 



J o U + cain 2 0)i/(l.-e 3 sin 2 fl) ~J 



csin 2 #)i/(l.-e 3 sin 2 fl) J (l+csin 2 %/(l-e 2 sin 2 0) 
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= -J-[(e + l)JK«, c, i7t)-F{e, J*)] (71). 

r'*" sm^HO _J_ r^ [(l + esin 2 fl) 8 --2(l-|-csin 8 6'-|-l]rifl 

Jo (l+csin 2 #)|/(l-e 2 sin 2 fl) — c s J (l+cHin a #)|/(l — e 2 sin 2 #) 

~~ c 2 J o (1+esin 8 ^), (l-e 2 sin 2 ^) c 2 .' 1 /(l-e 2 sin 2 «) 

= ^ T -l(c-e*)F(e, in)-cE(e, Jw)+e»77(«, c, }ir)] (72). 

p* co8*ttdtt r*" (l-2sin*fl + sin 4 fl)dfl 

J (l+csin 8 ^ (1— e s sin 8 0) ~J (l + csin 2 %/(l — e 2 sin 8 fl) 

-= — ^[(H-l) 2 c 2 77(e, c, iir)-eE(e, in)+(c-e s -2ce*)F(e, in)]. .(73). 

/"*" sin 2 fcos 2 flrifl _ pi-r (sin 8 fl-8in 4 fl)c;fl 

J o (l+csin 2 ^)|/(l-e 2 sin 2 ^)~J o (l+csin 2 0),/(l — e 8 sin 2 #) 

= - 2 — |>E(e, £7T)+(<:e 2 4 e 2 -c)^(£, J^r)-(<;+l)e s J7(e, c, in)] (74). 

Pi" s\n e Vdtt __1_ r** [Q+csm s 0) 3 — (l+3csin 2 fl+sc 2 sin 4 fl)]dtf 

J (l+csin 8 #) 1 ''(l— e 2 sin 2 0) ~~ <•»"./ „ (l+csin 2 ^),, (1 — e 2 sin 2 0) 

= 5-4-^[(36 i -3c« s +c 8 e 2 +2c 8 )J , (e, Jn-)-3e 4 -ZT(e, e, Jtt) 

- (2c 8 +2c 2 e 2 -3ce 2 )#(<?, J?r)] (75). 

ri" sin 4 flcos 2 flrffl _ /H» (sin 4 fl-sin e fl)rftf 

J o (l+esin 2 0) 1 /(l-e 8 sin 2 0) ~~ J (l + csin 8 0)|/(l — e 2 sin 2 0) 

= |3-4-^[3e 4 (c+l)i7(e, c, j7r)+(2c 2 -c 2 e 2 ~3ce 8 ) J B(«, J*) 

-(3e 4 -3ce 2 + 2c 2 -2c 8 e 3 +3c6 4 )if(e, Jzr)] (76). 

fl* Bin*flcoB 4 gdfl /" Ksiu 2 flcos 8 g- sin* flcos 8 fl)dfl 

J o (l+csin 8 0)|/(l — e 8 sin 8 #) ~ l ~ J (l+csin 2 (?) 1 /(l— e 2 sin 2 (S') 

= -^[(3e 4 + 3c s e*-3ce 2 + 6ce 4 -5c 2 e 2 +2c s )l< , (e, in) 

-3e 4 (c+l) 8 JT(e, c, j7T)-(2c 8 -4c 8 e 8 -3ce 8 )£(e, 1*)] (77). 
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"4" co& e 0dtt r** (cos 4 A— sin 2 #cos 4 0)d0 



o (l+csin 2 fl)i/(l — e^in 2 /^) ~~J U 



o (l+cBin , ft) 1 /(l-e B 8in»#) J U+c8in*#( 1 /(l-e*sin 8 0) 

: 5 -4-r[3e 4 (c + l) 3 /7(e, c , j7r)+(2<: 8 -7c s e 2 -3ee 2 )£(e, !«■) 

-(3e 4 +9c 2 e 4 -3«! 8 +9ce 4 -8<: 8 e 2 +2c 8 ).F(e, lw)] (78). 

i* sin 8 0dtf 






o (l+csin s #)i/(l-e 8 sin 2 «) 



_1 (•** [(l+csin 8 ft) 4 — (l + 4csin 2 fl+6c 3 ain 4 fl+4c 8 sin 6 fl)jttfl 
— ~eV _ ' (l+csin 2 ^) 1 /(l-e 2 sin s 6') 

1 rl" (l+csin 2 ^) 8 ^ 1 r** (l-|-4csin 3 fl+6c 2 3in- t <9+4c 3 sin B fl)rf<9 
~7J o v-(l-e*8in*0; cU ff+cBin*#)i/(l-e*Bin»0) 

L__[(8 C 8 4-3c ii e s +4c 3 «*— 10« 8 e 8 — 5c 2 e 4 4 I5cb 4 — 15e 9 )F(e, in) 



15c 4 e 6 
+ 15e 6 7T(e, c, i7r)-(8c 8 +7e 3 e 2 +8c s e 4 -10c 2 e 2 -10e 2 e 4 -H5ce 4 )7?(*, Jw)]..(79). 



p* sin 6 0cos 8 ftW _ r4" (a in'O— sin 8 fl)ct0 

J o (l+csin 2 #)|/(l-e 2 sin 8 #) — J (T+csln^/U- e*sin»0) 

[(8c 8 — 3c 3 e a — 2c a e 4 -- 10c 2 e 2 +5c 2 e 4 + 15«! 4 )£(<?, lw) 



15c 4 e 6 

-15««(c+ l)77(e, c, j3-)-(8c 3 -7r 3 « s -c s e 4 -10c 8 e 8 

+ 10c 8 e 4 + 15ce 4 - 15ce 6 -15e«)/ , (6, in)] (80). 

ft* s'm i f)co8 i 0dd __ r Ksin 4 6/cos 2 ^— 8in e feo8 2 g)^ 

J o (l+csin 8 ft , )|/(l-e 2 sia 2 ^) ~J (l+csin 2 ^)i / (l-« 8 sin 2 6') 

n5e 8 (e+l) 2 77(e, <• Jtf)-(8c 3 -13c 8 e 2 +3c 3 e 4 -10c 2 c 2 +20c 8 e 4 

15c 4 e 6 L 

+ 15ce*)J?(e, ijr)+(8c s -17e s e s +9< ,s e 4 -10e*e*+25e 8 <?* 

+ 15ce 4 -30ce 6 -15c 8 e (i — 15e e )F(e, in)] (81). 

Ji" sin 8 #cos 'Odd _ r Ksin'faos 4 ^— sin 4 feos 4 6')dtf 

(l+csin 8 ^) 1 /(l-e 8 sin 2 #) — J (l+csin 2 0) 1 "'(l-e 8 8in 8 0) 
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—^- T -[(8c i -23c s c s +23c 3 e 4 -10c 2 « 2 +35e 2 e 4 + 15c<5 4 )£(e, }tt) 

-15e«(c+l) s H(e, c, J?r)-(8c s -27c 3 e 8 +34^e 4 -10<; 8 e s 

+ 4Oc 8 e 4 + 15c0 4 --15c 3 e«-45c 8 e 6 -15e o )F(e, Jar)] (82). 

■*■■ (cos°#— cos 6 0sin a #)d# 



fi" CO$ e 0d0 _ Ti" 7 (COS 6 

. 6 (l+csin 2 0)i'(l — e 8 sin 2 0) ~~ J (1+csi 



(l+c8in»#)|'(l — e z a'm s ff) J (l+csin«e) 1 /(l — e s sin 2 fl) 

^r 1 , . n5e»(c+l) 4 J7(e, e, J7r)-(8c 3 -33c 3 e 2 + 58c 3 e 4 -10c2e 8 +50c*e* 
15c 4 e 

+ 15ce 4 )£(e, J7r)+(8c s -37c 3 « 2 +74c 3 e 4 -l0c 2 e 2 +55c 2 e 4 

+ 15« 4 -60c s e 6 -90c 2 e«-60ce 6 -15e 6 )f(e, in)] (83). 

p> 8in 1 "ffdfl J_ r^ (l +csin a fl) 4 rf# 

Jo U+csin 8 W)|. (1— e 2 sin 2 fl) ~ c s J 1 /(l-« 2 sin 2 ff) 

1 ri'{l+5cam*6+10e i Bin i 0+l0c !i Bin< i H+5c i Bin a (l)de 



/J" 
o 



(l+csin 2 6 l ) 1 /(l-e 2 sin 8 6') 
1 



-[(48c 4 +16c 4 e s + 17e 4 e 4 4 24c 4 e 6 -56c 3 « 8 -21c 3 e 4 -28c 3 e e 



105c 5 e 8 

+70c 8 e 4 +35c 3 e G -105ce 6 + 105e 8 )^(«, J^)-(48c 4 +40c 4 e 2 

+40c 4 e 4 +48c 4 e 6 -56c 3 e 8 -49c 3 e 4 -56c 3 e 6 +70c 8 e*+70cV 

— 105ce*)E(.e, in-)-305e«I7(6, c, Ja-)] (84). 

As the foregoing are ample for illustration, we will proceed to other 
considerations. 

[To be Continued.] 



